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INTRODUCTION

Assume an explosive source located at ~~~, with coordinates X and Y,

occurring at time T. The resulting wave may be described by rays which are

normal to the wave front and which travel with velocity ci~ + ~~~, where c is the

mean sound speed , t~ is the unit vec tor in the direc t ion of propaga tion rela tive

to the air, and is the wind velocity, with x— and y—components u and v. The

wave arrives at a microphone H. located at 
~~~~ 

= (x~~ y.) at time t~~ . The

following vector equality holds:

+ (c~ i~~ + 
~~~ 

(t~ 
— T) = (1)

where C
j 
and are mean speeds over the path from the source to Mi

. When Eq.

(1) is solved for cft~~(t~ —T)~ and resolved into componen t form ,

c~~(t1 
— T) 2 = FX—x

1 
+ u.(t

1 
— T)] 2

+ [Y — y~ + v~~(t . - T ) ] 2. (2)

Formally, one has

= 0 , i = 1,2 ,. ..n , (3)

if there are n microphones.

The system of non—linear equations represented by Equation (3) requires

three microphones for a solution of X, Y and T. More than three microphones form

an over—determined system. To completely locate the source requires accurate

knowledge of c~~, 
~~~~~~

, 

~~~~~

, and t~ .

Devoting attention to the problem of determining t
1 
alone , without the

consideration of the complete problem could be merely an academic exercise.
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First , it is obvious that the error in determining the source position is

dependent on all the quantities c1, w1, r 1
, and t.. . A survey ing error of one

foot toward the source is equivalent to one msec time error. The quantities

c. and must be considered means over the ind ividual ray paths , which do not

necessarily follow the surface. Second , the problem of what is the “best”

solution to an over—determined system of equations is not clear. The present

me t hod appears to weight the end microphones by one—half. Should a weighted

leas t— ~ qu,irt s method be used , or  perhaps a “robus t ” method which is insensitive

to large  er r o r s  in ind iv idua l  mic rop hones?  An e m p i r i c a l  test  of the “best ”

det e r m i n a t i o n  ot t. is not independen t  of t i le a lgor i thm used in solving Equation
I

(3 ) .  T h i r d , the  n a t u r e  of the  signa l is  changed by the propagat ion throug h the

air  and by the de t ec t i on  and recordir i c sy s t em.  This f a c t  severely a f f e c t s  the

determination of t~~.

Thus certain art is of the entire sound ranging problem —— those areas

wh ich appear to directly affect the determination of arrival times —— will be

investigated. The total problem is shown as a block diagram in Figure 1. The

source is characterized 1w its position X and Y. time T and energy E. This

produces some disturbance in time f(t). This disturbance is propagated through

t he atmosphere , which acts as a non—linear filter , producing a different signal

h (t ). This filter may be character ized by its sound speed c, a func t ion of

tint , p si t ien , and height and by the rat io of the specific acous t ic impedance

of the surface to that of air , Z. The microphone detects this signal and what—

ever noise is available. The microphone , the amplifier , and the recorder also

act as a filter , with response g(u), changing the signal to q(t). It is this

signal which provides the information from which the arrival time at each micro—

phone must be determined. The arrival times , toge ther with surveying and

~~~~~~~0~~~~~~~
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Figure 1. Blo ck diagram of sound ranging problem. The dashed

lines ind icate the theoretical connections by means of a model.

At present , there are no connections from source or detection . 

. 

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
———~~~~~~~~~ - - -



4

meteorological  data , are analyzed according to a model which is supposed to

represent the propagation delay time . The result is the position and perhaps

t h e  s t r e n g t h  of the source.

Sect ion I will  deal wi th  the  nature of the source signal during the early

par t  of the propagation , when it must be t rea ted  as a shock. Section II con—

sid~ rs the propagation problems arising from ver t ica l  gradients  in tempera ture

and wind , and the ever—present boundary between the earth and air. The effect

of the microphone respon se on the signal will be treated in Section III.

Finally, Section IV will contain recommendations for future investigations.

Some attempts at dig ital analysis and semi—automation in determinin g arrival

times will be described in another paper , although some general comments on this

subject are included in the recommendations.

T .

~1

_____________________________________  - ~~~~~~~~~~ . .
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I. THE PROPAGATION OF AN EXPLOSIVE SHOCK WAVE

The propagation of explosive shocks in the atmosphere has rece ived

extensive investigat ion dur ing the last  30 years.’ Both theoretical calcula-

tions and exper imental meas urement s over wide ranges of explosive energies

agree that , a f t e r  a cert Jn d i s t ance , the d i s tu rbance  is described by the pres-

sure vs l eng th  signal shown in Fi gure 2.  Both the m a g n i t u d e  of the pressure

rise P and the l eng th  of the positive pressure pulse L are functions of the

dimensionless var iable  ~ = r/d , where r is the distance from the source and d

is a characteristic length given by

d = (E / P )~~~~, (4 )

where E is the energy of the source and p is the ambient a tmospher ic  p ressure .

Less is known about the negat ive pressure  region . The magni tude  and

length descr ibed in Figure 2 are taken from Brode2. Sometimes secondary reflect-

ed pulses ride along this region. However , the initial pressure surge and the

length of this pulse are certainly the important parameters of the signal in

determining arrival time . Surely if this signal wer e no t distorted by the

atmosphere , ground , and microphone , the determination of arrival times would be

simplified .

The characteristic length given by Equation (4) is proportional to the

cube root of t1~e ererj~y of the charge propelling the projectile less the energy

of the projectile and recoil , thus approximately proportional to the diameter

of the bore. However, for artillery, various lengths of charge are available.

Using values reported by Wurtele  and Roe 3 , the energy for  the No. 7 charge for

an 8—in bore is 1.22 x 1O~ J. For sea—level , this results in d = 10.6 m . Other

charges and bores of US artillery have energies which may be approximately by
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I _ 
_ _

Fi gure 2. Overpressure vs. l eng th  for  a t yp ica l  wave due to an
explosive source. P is the shock pressure differential and L is

the length of the overpressure pulse.
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scaling to the k ine t i c  energy of the  p r o j e c t i l e , given by the weight  and m u z z l e

ve loc i ty .  Table 1 conta ins  t h e  r e s u l t i n g  c h a r a c t e r i s t i c  lengths  for  charges N

No. 1 th roug h No. 7 for  8—in , 155—mm and 105—nun a r t i ll er y . I t  may be noted tha t

there is over lap ,  d e p e n d i n g  on the charge used , between l i g h t  and medium and

between medium and heavy a r t i l l e ry .

Table 1. C h a r a c t e r i s t i c  l e n g t h s  fo r  y ar i o - i s  charges  and d i a m e t e r s .  (Length in

m e t e r s . )

Diam. Charge ~l Charge ~ 3 Charge g~ Charge #7

105 mm 2 . 9  3 . 3  3. -~ 5 . 2

155 mm 4 . 1  4 . 9  ( .0 8.0

8 in 5 .9  6.8 8 .4  10.6

At the  range of  1 km , T , ih le  1 y ie ld s  a d imens ion l e s s  pa ramete r  ~ which

var ies  between 94 f o r  the  most p o w e r f u l  8—in charge  and 350 fo r  the  least  powe r-

fu l  105—nun ch ar ge .  The l a r g est  value ’ expected wou ld  be fo r  No.  7, 105—mm at

maximum range (11.5 km) , which is 2200.  Thus t i le  range of ~ of i n t e res t  in

sound rang ing  is f rom 100 to  2000 . For these va l ues of ~~~, the  shock is weak and

the comp i la t ion by Baker is incomple te :  his values for  L beyond ~ = 60 being an

e x t r a p o l a t i o n .  F o r t u n a t e l y  the  shock is weak , a l lowing the  c a l c u l a t i o n  of wave—

shapes and arr ival  t imes.

The de ta i l  of t h i s  c a l c u l a t i o n  are rel2gated to Appendix A. Due to the

quasi—ad iaba t i c  n a t u r e  of the propagat ion , the  hi g h — p r e s s u r .’ shock f r o n t  t rave ls

fas t e r  than the ambient pressure point  on the  wave . The r a t e  at which L increases

w i t h  d i s tance  of p ropaga t ion  is given approximatel y by

(5)
dr -Yy p

t~;.

—— ~~-~~~~ ~~~~~~~ ~~~~~~~ ~~- - .  . - ~~~~~~~
--

— - -~~~~~~ -~
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where ~ is the  rat i ’) of  s pec i f i c  heats  (1.4 0 for  a i r)  and P is the  peak over—

pressure .  The increase in en t ropy  across the weak shock cau se~ the  t o t a l  energy

of the wave to decrease wi th  the  di s t ance  of  p ropagat ion  a.-co r d i ng  to

1~~~~~~x±LL I ( ( )
E d r  4 ’ y p L ’

where E is the e n e r gy  of the wave , given b y

E = - - -

~~
-
~~~~ 

(7)
.3~~c

here c is the a i r  dens i ty  and c is the sound speed.

The s u b s t i t u t i o n  of E q u a t i o n  (5) in to  Equa t ion  (6)  and the i n t e g r a t i o n

of the  r e s u l t  y ie lds

EL = c o ns t a n t .  (8)

E q u a t i o n  (7 )  and (8) may be solved f o r  P as a f u n c t i o n  of r and L ,

P = P (r / r )  (L IL), (9)
0 0 0

where t he  zero s u b s c r i p t s  r e f e r  to some r e f e r e n c e  d i s t a n c e  f rom the source , r
0

Finally , Equation (5) combined w i t h  Equat ion  (9) may be i n t eg ra t ed  to obta in :

P
L = v’i~~[L + ~~~~~

-
~
- —i r ln ( r / r  ) j l / 2  (l~~;

0 0 4 y p  0 0
0

Using  Baker ’s tabulated values for g = 60 , (P /p  = 2.48 x ~~~~~ L = 0.8561 ,

r = 60d ) ,  one has

L(~ ) = d[O.733 + 0.109 ln (gI 6fl )]~~~. (11)

Several values of this function and ot hers of interest in sound rang ing

are tabulated in Table 2. The relative overpressures P/p are determined from

- -~ --- -~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
— - -~~~~~ --~~~~~--~~ 

-
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Equat ion  ( 9 ) .  The next column contains  the  ins tantaneous  speed of the wave

as a function of ~~~. This is calcula ted from

V = c ( l+~~~~
.!

~ ) , (12)

derived in Appendix A. One notes that this speed is very close to the speed of

sound .

The i m p o r t a n t  speed in the  sound r ang ing  equa t ions  is , however , not the

ins tan taneous  speed , but the mean speed over the pa th .  Due to the strong

shock propaga t ion  close to the  source , the mean speed  is larger than the instan-

taneous speed. Tile l a s t  c o l u m n  of Table 2 l i s t s  t h i s  mean speed as a f u n c t i o n

of ~~~. For = 60 , Baker gives f o r  t h e  a r r i v a l  t ime t = 58.8c , or <V> / c  = 1.020.

The mean speeds in Table 2 are based on this p lus the  change in a r r iva l  t ime due

to ~\L between ç v a l u e s .  The tabulated v a lu e s  are given q u i t e  a c c u r a t e l y  by the

empir ical  f i t

= I + l . 4/ ~ — l5/ ~~ (13)

over the  range g = 100 to = 2000 . I t  may be no ted  t h a t  t h e se values  are not

negligible for heavy artillery at short ranges , var~ ing between a 1. 25~ correc-

t ion to a 0 . 3 9 ”  c o r r e c t i o n  fo r  heavy to light artillery at 1 km. This is equi-

valent to t e m p e r a t u r e  correc t ions  of 1.9 °C and 0 .2 °C respec t ive ly .

Table 2. Dimensionless variables for the propagation of explosive shocks. The

characteristic length is d = (E/~~~)~~~~. The charac teristic speed is

the sound speed c.

= rIP. L/d P /p  v /c  <v>Ic

100 0.893 l.43x10
3 1.00061 1.0125

200 0.941 6 .7 7x l0
4 

1.00029 1.0065

500 1.002 2 . 5 4  1.00011 1.0027

1000 1.04 5 1.22 1.00005 1.0014

2000 1.086 5.86x1O
5 

1.00003 1.0007

- —~~~~~~~~~~ --~~~~~~~~~—-.--, - .~~ 
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In principle , a fa ithf ul l y  received signal , together with a known range ,

would allow the determ ination of d and hence the  energy of the source.  In

pra.-t ice , the vagaries of propaga t ion  c lose  to the ea r th ’s s u r f a c e  make t h i s

determination exceeding ly difficult. The most useful informa t ion is probably

conta ined in the period or f r equency  con ten t , r a the r  than the pulse heig h t .

Assuming .i mean va lue  of L/d to be 1, the  period of the pos i t ive  pulse w i l l  be

approximatel y d / c .  The characteristic lengths in Table 1 show that heavy artil-

lery will have periods ranging from l7to 31 msec , medium a r t i l l e r y  wi l l  range

f r o m  12 to  24 msec , and l ight  a r t i l l e ry  w i l l  r a n g e  f r o m  9 to  15 msec in period
— .‘ —  ._ .. . 0 .t  . S a ..

in the  order  of 12 insec.

The f r equenc~’ sp ec t rum of a s ignal  such as shown in Fi gure 2 is ob ta ined

from the Four i e r  t r a n s f o r m  of the  pulse ,

p (~. )  =f ’ P ( t )  e
i t  ( 14 )

where ~ is the  a n g u l a r  f r e q u e n c y  2 Tt f .  For a pu~ se ap p r ox i m a t  ing Figure  2 ,

r o •

P ( t )  = P ( l — t / r ) ,  0 < t < t  , (15)
1 0
Lo ,

____ = 
~~~~~ ~~l — 

•~~~~~2 
+ (l

~
05
~

.L
~21~

2 
(16)

This r e l a t i v e  s pe c t r u m  is shown in Figure 3. The high frequency spectrum falls

o f f  at  6 db per o c t a v e , being down 3 db at et 5. This 3—db point corresponds

to  a frequency of O.8/t , where t is the over—pressure period . This frequency

ranges from 26 to 46 Hz for heavy , )4 to 66 Hz for medium , and 52 to 94 H7 for

light artillery. 

—— — - - - — - —  - ~~~~-
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Fi gure 3. The magnitude of the pressure spectrum of a pu l se  such as

shown in Figure 2. The period of the  pulse is ‘ = L/c. The high

frequency rolls off at 6 db/oetave with the —3 db point at about

= 5.
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The above theoretical predictions for the wave shapes due to various

ar ti llery assume spher ica l  p ropaga t ion  th roug h a homogeneous , non—absorb ing

medium wi th  no b o u n d a r i e s .  Perhaps the two most dangerous assump t ions invo l ve

the neglect of absorption and the neglect of boundary influence. Both of these

neglec ted  e f f e e ’t s tend to  f i l t e r  out the  hig h f r equenc ie s  of the wave , although

the fundamental over—pressure period ought not he effected much. These effects

then p r i m a r i ly  increase tile r ise  t ime  of the initial pressure pulse , although

the finite amplitude effect considered here will tend to reshape the shock.

Since the  neg l ect ed  e f f e c t s  do not change the  period of the  pulse , the

fundamental frequency of the period would perhaps be more indicative than the

3~-db points  of the unahsorhed pu lse .  These f r e q u e n c i e s  range f rom 16 to 20 Hz

for  heavy , 21 to 4 1 Hz fo r  medium , and 33 to 59 Hz for  l i ght a r t i l l e r y .  Sect ion

I I I  w i l l  show tha t  th e  response of the T—23 microphone is 3db down at about 25 Hz.
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1 1. ATMOSPHERIC PROPAGATION OF THE PULSE

The sound r ang ing  equa t ion , Eq. ( 2 )  is a t w o— d i m e n s i o n a l  equa t ion ,

assuming c i r c u l a r  p ropaga t ion  in a p l ane .  This p lane is , of course , the su r face

of the  e a r t h  where bo th  the ’ source  and r e c e i v e r s  a r e  loca ted . Di s r ega rd ing  t h a t

this  s u r f a c e  is n ot  o f t e n  a p l a ne  to w i t h i n  the w a v e le n g t h s  involved , and assum-

ing a homogeneous s u r f a c e  t e m p e rat u r e  and wind , t h e re  St ~ 11 ex i s t s  the  p r o h i  em

of temperature and wind variations w i t h  a l t i t u de .  I t  is w e l l  known that these

variations cause waves to be r e f r a c t e d  —— sometimes upward result ing in t he

m i c r op hone being in a shadow zone , some t imes downward resulting in direct propa-

ga t ion along a curved p a t h .  (See F igure  4.) Thus two cases  ex i s t : I f  t u e

phase v e l o c i ty  of sound decrease-s  w i t h  a l t  it u d e , only d i f f r a c t e d  energy r eaches

the m i c r o p hone , t r ave l i ng  w i t  ii t he  speed d e t e r m i n e d  by t h e  s u r f a c e  t empera t n r c

and w ind .  As is t r u e  for a l l  d i f f r a c t e d  waves , t h e  low f r e q u e n cy  c o m p o n e n t s  a re

d i f f r a c t e d  w i t h  g r e a ter  u f  f ic ienc V t h a n  t I l e ’ 11 igi i  t r e q u e n c  ~ c o m p o nen t  s. The

second case of r e f r a c t e d  p ropaga t ion  o c c u r s  if  t h e ’ phias~- v e l o c i t y  inc reases  w i t h

a l t i t u d e .  Due to Fermat  ‘ 5 p r i n c  i p l e , the curved p a t h  results in a t r a v e l  t i m e

- . w h i c h  is less than  t h e  p a t h  a long the  s u r f a ce .  This r e s u l t s  in a h ighe r  mean

v e l o c i ty  t han  t h a t  p r e d i c t e d  b y use of the surface temperature and wind . In

addi t ion , r e f l e c t i o n s  from tile ground make possible multiple paths , ~~~~ tl~ the

corresponding superposition of signals.

The diffracted case is mathematicall y difficult and is also beset with

experimental difficulties involving the determination of the specific acoustic

impedance of the surface , not to mention the large number of different geolog i-

cal and b iological surfaces imaginable. Wurtele and Roe
3
, using Doak ’s solu-

t ion
4
, have determined the e f f e c t  of the boundary on the shape of pulses described

by Heaviside step functions and “N” shaped waves. Their results indicate the

- .. ‘ - ~~~~.- - ~ S 
~~bI~~~-. - - -
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A B

Fi gure .. Prop ag it ion for (A) grad i en t  in p hase veloc itv is negative , and

(B) gradient in p h a s e  v e l o c i ty  is p o s i t i v e . Case A c rea tes  a shadow zone

along the surface however sound is diffra cted (with loss of high f r equency

components) along t h e  surface . Case B results in the refracted ray arriv—

ing before a surface ray would arrive .

—- - ~~~~~:~~~~~~~~~
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rather drastic filtering effects on pulses diffracted over boundaries which

have specific acoustic impedances that are not much larger than that of air.

Figure 5 (adapted from their Figure 4.5) shows the resul t ing shape of an “N”

shaped wave of 29 msec duration after being diffracted one km along surfaces of

various specific acoustic impedances. In the figure , Z is the ratio of the

surface impedance to that of air , cc.

Although the signal is fairly faithfully reproduced for Z = l~)u , lesser

values of Z show increasingly severe loss of h igh  frequency components. Tile

boundary thus acts as a low—pass filter , reduc ing tile amp lit ude of the signal

and increasing the uncertainty in determining the arrival time , although the

original pulse length is preserved. The rise tim.,’ increases with distance , as

shown in Fig. 6, where a unit step function is shown after being propagated

according to Wurtele and Roe for distances of 1. 2, 5, and 10 km along a surface

with Z ID. Consideration of t u e  f a c t  t h a t  a r t i l l e r y  p u l s es  are not longer

than 30 msec leads to the conclusion that a r r i v a l times are i n c r e a s i n g ly  d i f f i -

cu l t  to measure  for  longe r d i s t a n c e s.

Even though d i f f r a c t e d  s i g n als  ma x’ (dependen t  upon 7. and r ange ) make

source s t r e n g t h  d e t e r m i n a t i o n  and a r r i v a l t i m e  d i f f i c u l t  t o  m e a s u re , t h e  propa-

ga t i on  along the  su r f a c e  s i m p i  i~ ies the  d e t e r m i na t i o n  of :nean sound speed . The

proper va lues  to use  when the  phase v e lo c i  t ’-  dec reases  s’ith h e i g h t  a re  s imply

the s u r f a c e  values of t empera ture  and wind v e l o c i ty . Tli t . r e  appears  to  be no

need to include upper—level values in some weighting scheme .

In cases where the phase velocity increases with height , the situation

is reversed . The refracted waves ought to faithfully represent the pulse in-

vesti ga ted in Sec t ion 1, but the mean sound speed and wind velocity must include

the properly weighted upper—level meteorolog ical data. These mean values could - 

‘~~~~~~~~r~ - ~~~~ L-~~~~~~~~ — -. - -
_ _ _
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29msec —~

F i g u r e  5. P h  s t o r t  i on  of 29 msec “N ” shaped p u I s~’ a f t e r  being propa-

gated 1 km. (A d a p t e d  f r o m  W u r t e l e  & Roe , 1 9 7 7 . )  The r a t i o  of the

Spec’ i f i c  a c o u s t  he impedances  of the  s u r f a c e  t o  t h a t  of t he  med ium

Is Z.

‘ I

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — ‘-  
— A



~~~~~~
_ 

~~~~~~~~~~~~~~~~~~~~~~~ 
- -‘.~~~~~ —-----— — - - — —.-- — -.-~ - -‘- -

17

R~~Ikm

2

a, 5
‘S

(I)
(I)
a,
‘S

0 20 40 60
time (msec )

F l  ~ur . h . Ri~~- t ins’s t or a H.-av is I d~ step funct ion di f fraeted along

hounda rv o l  Z 10 f o r  var io n s  d 1 s t  an c . - s .  ( A d a p t e d  from Wurt ele and

Roe , 1 977).
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be determined b y a r a y — t r a c i n g  program , but  tha t  would probabl y require too

much computer power . An approximation to the correct weighting may be ob tained

for  simp le a tmospher ic  models .  The simplest  model is one in which it is assumed

tha t  both  tile sound speed and wind v e c t o r s  have l inear  gradients  w i t h  respect

to hei gh t .

The ana ly t i c  solut ion fo r  such a model is con ta ined  in Appendix B. If

a Taylor expansion for the sound speed c as a function of height z is truncated

-4  a t  the f i r s t — d e g r e e  term ,

c ( z )  = c (1 + az ) , (17)

where

a _ ~~
d
~c , (18)

c dz
0

and c is the sound speed at the surface. Likewise , the wind vector , when
0

resolved into a component tangent to the path of ti le ray (u)  and a componen t nor—

mal to the  p a t h  ( v ) ,  may be expanded to  y i e l d :

u(z) = u + c hz ,
0 0

(19)

v ( z )  = v + c d z ,

where

_ l du d — ’ dvb c d z ’ c dz~~0 0

Under  the a s s u m p t i o n  that higher—order terms are neglig ible , it is shown in

Appendix B that the’ mean speeds f o r  a r e f r a c t e d  ray are given by the values c .

i , and v evalua ted a t  o n e — t h i r d  of the  maximum hei ght of the ray ,  and tha t  the

maximum height obtained by the ray is given by

Z = (a + b) R4, (20)

~~~~~ ‘ -- —  - - -  -- —
~~~~~ —-- - ii~
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where a and b are the gradients def ined above , and R is the range of the ray

(the distance between source and receiver). It is clear from Equation (20) that

Z is positive only if a + b > 0. Otherwise the ray is diffracted along the

boundary ra ther  than r e f r a c t e d  along a curved p a t h .

Table 3. Meteorological variables for first example.

Parameter Su r f ace  800 rn—level

- 
- Virtual temp . 280 K 275 K

Eas t wind 0 5 rn/sec

North wind 0 2 r n/ s e c

As an example, suppose the virtual temperature and wind components are

1/2given by Table 3. One has C = 20.05 (280) = 335 .5  rn/sec . c 800 
= 332. 5 m/ sec ,

a = — 1.12 x 10 m l
, h = —1.86  x 10 rn (along the x—axis), and d = +0~~75 x

l0~~ m ’. Propagat ion in most d i r e c t i o n s  is along the  su r face , w i t h  c =

335.5 rn /sec .  However , propagat ion in the negat ive  x—axis  ( toward the  west ,

down wind from the east wind ) is refracted . Here a + b 0 .74  x 10~~ m 1 , y i e l d —

— ing a maximum height of only one meter for  a range of a km , and 92 m fo r  a range

of 10 km. Neither of these ranges would yield much of a change in mean sound

speed , there being only a 0.1 rn/sec change from the surface value in the latter

4 case.

Table 4. Meteorological variables for second example . (Actual case at WSMR.)

Parameter Surface 200 rn—level

Virtual temp . 281.5 K 283.1 K

Eas t wind 0 7 rn/sec

South wind 0 2 m/sec

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - 
-
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However ,  l a rge r  gradients are possible. Consider the case described by

Table  4. One has fo r  p r op a g a t i o n  in the  wes t e r ly  d i r e c t i o n :

c = 336.4 rn/sec
0

c
,00 

= 337.4 rn/see’

a = 1 . 4 9 x l0 5 m 1

-5 -1b = 10 .4 x 10 m

d 3 .0 x l0~~ m
1

The mean speed a l o n g  t h e  d i r e c t  ion of p r o p a gat i o n  is

= 336 .4 [1  + 5.9 x 10 ~

where R is the range in km. For 1 kn , sv - = 336.6 rn/sec . and for 10 krn, <v >
x x

= 356.2  m/sec , a 20 rn/sec d i f f e r e n c e  f r o m  v .  For R = 1 km , 7. 15 m , and f o r

R = 10 krn , Z = 1.5 km (higher  than the 200 m leve l , r e q u i r i n g  k n o w l e d g e  of the

meteorological  p a r a m e t e r s  above 200 n ) .  Since most t e m p e r a t u re  invers ions  do

not prevai l  for  1.5 km . the R = 10 km case would not  he as d r a s t i c  as ca l cu l at ed

above.

This method of appr~ xirnati on to t h e correct weighting of upper layer

meteorological data is not significantly more difficult than the presently used

method. For a particular ray, if a + b < 0, then surface values would be used .

If a + b > 0, an analysis using surface values could be used to determine R , and

Eq. (20)  w o u l d  yield the maximum height o b t a i n e d .  The meteorolog ical da ta  eval—

nated at one—third this height would then he used for hte mean sound speed de—

termination.

Refracted propagation also opens the possibility of multiple arrivals.

Some rays leaving the source at smaller elevation angles are refracted back to

the surface where they are reflected and finally arrive at the receiver. These

I. L. . .. — - ~ -----~- -----,-- —,-- - - -
—5 ~~~~~~~~~ . —- — 
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ray s  a r r ive  l a t e r  than tile main r e f r a c t e d  r ay , and w i t h  amp l i t udes  d e p e n d e n t  on

the  r e f l e c t i o n  c o e f f i c i e n t  a t  t he  s u r f a ce  and  the  a n g l e  of i nc idence .  S i n c e

the maximum hei ght depends on the  square  o f  the  d i s t a n c e , t h e  co r r ec t i on  in the

t i m e  of a r r i v a l  depends  on the  inverse  squa re’ of n + 1, where n is the  number

of  reflect ion s .  Thus the travel time , which f or  the main refraction, is given

by Eq. ( 1120).

I = ~~
--  [1 + (a + b ) ( a  + 6b) R 2 1 ,  ( 21)

beco mes

T = E l  + (a + b ) ( a  + 6 b) ( — ~~~~~
- ) }  ( 2 2 )

f o r  a r e f r a c t i o n  which is reflected n t im c s .  As n becomes large , T a pp r o a c h e s

k /C  . These m u l t  I p l e  a r r  i v . i  I s  s h o u l d  come in at t im e s  w h i c h  ,lre r e m i n i s c e n t  of
(I

t i l e ’ hy d r o g e n  spec  t r.i~ • s ince  qua  t iOn  (22) is of the  same f a  ri:~ as R v d h e r g  ‘ s

equa t ion (1/n ).

F i n a l l y ,  A p p e n d i x  B d e t e r m i n e s  tile mean sou n d  speeds  t o  be used in t he

sound r a n g i n g  equa t ions.  These a r e  n o t  t h e  same as the instantaneous speeds

m e a s u r e d  a t  the m i c r o p h o n e  ;ir r av . Sin c e  the a r r i v i n g  r ay  comes in at  an angle

0 , t h e  t r a c e  ye b e  i t v  of the wav e  as i t  crosse  t h e  a r r ay  is f a s t e r  t h a n  t h e

rn:an speed be tw een  s o u r c e  and r e c e i v e r .  Snel  l ’ s law r e q u i r e s  t h at  t h e s e  t r ace

veloci t  los are in f i c  t equal to the speed  a t  t he  maximum heinht o b t a i n e d  b y t h e

m v .  This may be de t e rmined  b y c a l c u l a t i n g

dx — dx 0
d t  d~ dt  ‘

0

which , using t h e  resul ts in App end ix B , r e s u l t s  in

:F~’ R 
= C [ l  + (a + b)Z + -

~~~~ , (24)

-. . ~~i’~~ ~~~~~~~~~~~~~~~~~~ - -
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where  Z is the  maximum heig ht ob ta ined  fo r  the  range R .

In the  anal ysis  of tile sound rang ing  problem w h e r e  the sound speed is a

f u nc t i o n  of range , as it is b o t h  f o r  the  f i n i t e  a m p l i t u d e  e l f - ct and t h e  re—

f r act e d  e f f e c t , c a re  must be e x e r c i s e d  in t i le  f o r m a t i o n  of the  e q u a t i o n s  to

assu re  t i t . t t he  t r a v el  t imes  r e f l e c t  the  mean sound speed over  t h e  r io , r a t h e r

than  s ei-iH e t i m e  d i f f e re n c e s  determined by the local  so un d speed.

.~~~~~~ . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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I I I  . THE RESP ONSE OF THE M I C R O P H O N E

The 1 — 2 .1 m i c r o p hon e  is b a s i c a lly  a p a i r  of H e i m i i o I  Lz r e son at . o r s  w i t h

h e a t e d  w i r e s  i n s e r t e d  in t h e  neck  c o n n e c t  ing t h e  two r e s o l i l t o r s  . As t h e  air in

Ut is neck rnoy e s  , w i r e s  ch ange t h e i r  t e m p e r a t u r e  due to  c o n v e c t  i ar t . These w i r e s

a re  p a r t  of a b r idge  c i r c u i t  w h i c h  d e v e l o p s  an u n b a l a n c e d  elect rometive f ree

dee’ t o  the  change  in r e s i s t a n c e  of t h e  w i r e s .  F in ~i r e  7 i n d i c a t e s  t h e  p hy s i c a l

1 lv ’u t  of  t h e  r e s o n t i ar s

The equivale n t e l c -t r i c a l  c i r c u i t  f or  t h e  d o u b l e  r e so n a t o r  i s  shown in

Fi r r i r e  S . The a co r i st  ical j n er t a n c e  of a n e c k  i s  labled N , t l l e  a c o ust i c a l  r e s i s —

t a n e e of  a neck  is l ah i e d  R , and t i l e -  a c o u s t i c a l  s t i f f n e s s  of  a c i i v i t v  is labl ed

C. I t  is  ap p ar e n t  f r o m  F i n n r e  8 t h a t  t h e  b o t t o m  r e s o n a t o r  - I c  t s as a ser i e s

LC— ~ i n k  c i rc u i t , w i t h  t I l e  t o p  r e s o nat o r  a c t  i n n  -is a low—pass  fil t e r .

}-r - a~i ‘ f l c i s l i r e l parameters of  the m i c r ’p h i o n ~~s and f r o m  the  a c t u a l  r e s p o n s e

a r a l  m i c  r op hones  as rrre : isu r c d  in a p i stonphone , the  f r e q u e ne - v r e sponse  of

t h e  m i - r o p i l o r l e  has been l e t  e rn in e d  . The c i e t a  I is of  this d e t e r m i n a t i o n  are  con—

i i n t h in A en d  i x  C. F l t c  re stil t i ng  response  is i l l u s t  r a t e d  in Fi gure 9. I t

i s  n o t e d  t h a t  t h e  r e sp o n s e  is s h a r p ly  p e ak e d a t  a b o u t  17 H a , with a — 6 d b / o c t a v e

r o b  1—off f r  l o w  f r e q u e n  i c -s and a —lS dh /oe ave roll—e l f for 1 i~~h f r equenc  I c - s .

i n n  Ui i s  res;~ use  with t h e  s p e c t r u m  of t i l e  a r t  ii l e i v  p u l s e , is de v e l o p e d

in  S~~~ Ion I , e ar l  i r n -~ t I l t  t I i -  m i c r y l l o n e  ‘ S f r e q u e n cy  response  does no t  pass

e nough  h m u  f r e ( 4 n c n c  V i n f o  m i t  i ri t o  f i  i Ut ful lv reproduce t h e signal

The :-r i i  e f l  f a c e d  in increasing the f r e q u e n c y  r t sp e u s e  of  t h e  m i c r o p hone 
. S • . #  . . _ - ‘ .‘ — . . — •4  . 5

is t H I t  t h i s  w i l  I i i  so i n c re a s e  the  n o i  a in t h e  r e c o r d e d  s i g n a l  . W h e t h e r  the

s i  nn a l  — t  a—no ise m i t t  ho is improved by an e x t  ended fr eqri ~ t icv re sponse depends on

lie tire of t he n o i s e  spec t r u m .  The noise spec t r u m , of co u r s e  • d e p e n d s  on

- i lot  ‘1 variables , I n c lu d in g t e r r i i n , wind f l u c t u a t i o n s , and m a n — m a d e  n o i s e .
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Some s t u d i e s  of l o w — f r e q u e n c y  n o i s e  due to t u r b u l e n c e  ind ica te  tha t the  spec—

t r u m  f a l l s  o f f  on the  order  of 6 d b / o c tav e
5 ’6

. On the o t h e r  ha nd , man—made noise

due tel b a t t l e  would have a d i f f e r e n t  s p e c t r u m .  Since the  explos ive  source as

c o n s i d e r e d  in Sec t ion I has a period a p p r o x i m a t e l y  in p r o p o r t i on  to the  d i ame te r

of t he  bore , small  arms f i r e  should  hav e  a spe lc t rum which  is f l a t  to a b o u t

900 Hz ( . 30  caliber).

The t r a n s i e n t  r e sponse  of t i l e  m le~ ropitonc is m e r e  illuminating to t h e

probi  em a f l e t e r r n i n  u r n  time of  arrival t h a n  the  f r e q u e n cy . The response of

t lie T— 2 3 m i s  r o p h i o n e  to :1 triangular pul Sc wh j e ll is an a p p r o x i m a t i o n  to t h e

e x p l o s i v e  s o u r c e  si iors ’ti in Fin ti re- 2 is o l e t  ii i r r e d  in A p p e n d i x  C by t he  method of

l a p l a c e  t m i r l s  a r m s .  The’ r e s u l t s  for  var h e e i s - pc r io d s  a r t -  shown in  Fi gure 10.

The ampl itudes ir~ norma I i / e d  5~ t h a t  i p u l  Se ’ I e n g t h i  o f  1000 msec (il most a

He i v i  a I S I C  t e r for t iii s i - r ’  p h o n e  ) w i l l  v i c - i d  an a l i t  p l i t  o f  u n i t .

As shown in S e c t  ion I , t h e  p~~r iod s  of  i n t e r e s t  in sound rang ing var~

f m - - i 10 msec ( 11 - a t  i r t  i 11cr ) t o  30 m se ’ (bc cvv ar t  i l l e r r v )  . As s e e n  f rom Figure

I i i , t I s ~~ pu lse ’s h i v e  r e -~~p o r r s e - s - c . l r i u n  f r o m  3 52 t o  702 of the  response to a

100( 1 msc e- p u l s e - ee f  t h e  ~~I r l e  c r i p i ~t u d e  . Ther e  i s  ;t l  so v a r i a t i o n  in the a m p l i t u d e

of  t i l e  f l e c i t i ye v~~r — s h i c ’ o t  of  t i l e  resj vr 5e . These- Va n a t  ions are shown in

h i  ‘ - l I m e  11 , where the  arnpl  it I i h s  o f  t i l e  pos i t  ~ V e Ce ’ i t i g ,  and nega t ive  going

r s a n se s t e e  p u l  s e s  of  v i m  l o c i s  p e r  i e ld S .  A l SO shown in t h i s  F i g u r e  are the

i p pr ex in it e  per  i~ed s f o r  l i ght  (105 nmi ) , medium (155 nun ) , and heavy (8 in) a r t  i l—

le ry  p u l s e s .  I)n n o t e -s t h a t  the  valleys have somewhat less amplitudes than the

pe aks  and t h a t , for l ight artillery, besides the smaller pressures , the response

is onl y about  o n e — h a l f  fo r  tha t  of heavy a r t i l l e r y .  This is due to the r e s t r i c t ed

f r e q u e n cy  response of the  mic rop hone.
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Of course , one mus t see the  signal in order to  d e t e r m i n e  the  loca t ion  of

t he s o u r c e , however , the t ime response to the pulse  is c r i t i c a l  in determinin g

t u e  ar r iva l t ime . There are at present  f o u r  p o i n t s  on the  response curve  wh i ch

ire used to de te rmine  the  a r r iva l  t ime :

( 1) The Break

(2)  The Pressure Maximum

(3) The Cross—over

(-~c )  The Pressure  Minimum

The o r thodox  order  of p re fe rence  of these points  is ( 1 ) ,  ( 3 ) ,  ( 2 ) ,  and ( 4 ) • 7

One observes f rom Figure  10 that the break is difficult to determine in

t h a t , for  all periods , there  is very l i t t l e  s ignal  for  the  f i r s t  th ree  msec.

This is due to the sharp cut—off on the high—freq uency side of the frequency

-
‘ response of the microp hone.  Assuming a noise of ~O.O5 (S/N 26db) added to

the response , the approximate deviations in determining the four points in time

may be found to be:

Break = ‘~~ msec

Maximum = ±8 msec

Cross—over = ±3 msec

Minimum ±10 msec

confirming the orthodox order , although the cross—over is almost equivalent to

the break.

Unlike the detectable break , which lags about 3 msec behind the actual

signal, the peak , cross—over , and valley lags depend on the period of the signal.

This is seen in Figure 12 , where t h e  lag of these phases are shown as a function

I
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01 t lie ee l - le id of t lie pul se . i t  is seen , ii we - ve- r , t h a t  the  l ip s  a re  fa  i r I y

in s c i l s i t  ly e  t a t h ~ p e r i o d ; a c h a ng e  in per iced of 21) msec r e s u l t  ing in a chanp e

iii  l a n  of the ’ val I c v  ( t o t  a I I c t i p t  h of s i g n a l  ) of e’fl Iv 10 nls e-c . Th i s  i ns e n si  —

i v i ty  has t w e r e - s u i t  ~ : first , i t  makes it difficult to d e t e r m i n e  t h e  per i e d

of t l ie  pu l s e  and t m i s  t h e  t y p e  of a r t .  ii 1 cry  from t lie s i i i  pc of t i i i ’  s i pu a l

c e s e l i c i , i t  a t  lo ws t he  e l s e  h I  d l i v  e l i  I l ie t I r i ~ e e  a l  ternate di sc s (maximum , c r o s s —

ove’r , and m i i i  i n u n )  to  be used is ii cc v 1 t inc- s (- i  ssuming t l ie same’ p i ta  Se i s used

a c r o s s  t h e  whol e a r r a y ) .  The i r r i x i m u r n  d i f f e r e n t  i d  i~n pu l s e  period , I c r ’ s s  t h e

c r r t v  f o r  a p i r t i - u l i r  p u l s e  w o u l d  i c e  1 c m  i e I V V  a r t  i l I e - rV ct  she r t  r a n g e -  (1 km )

Table 2 shows t h i s  to be ab o u t  3 msec a c r o s s  I ic  e nt  I re a r r i v  f o r  in e x t  re ’me

f l a n k i n g  ang le .  T h i s  r e s u l t s  in n i l~ a v n a t i o n  of 1 1 /2  mse ’e - f o r  t h e  v a l l ey s ,

w i t h  less f e e m  th e - peaks  ta d c r e s s — c e v e ms

T h u s  , t h e  use - e i f  - sharp  I v  pc’akeel ii i 5 - r o p l i o r i e  has b o t h  , idvan  t ag e s  and

dr a w h n i e ’ks . N e a r l y all s i g na l s  l o ok  about t h e  same , w h i c h  a l l  ows p h a s e — c o m p r i r i —

son of s igna I s , hu t  t h e’ d ii  l e n - w e’s in i n p u t  p u l s e s  i r e  m a s ked  . In p ar t  t e n  l a n ,

lie m i t  i i i  re ’sponse to t h e ’ s i gn a l  i s  Ve ry  s l o w , hu t  the  lag  time is alm ost in-

dependent of the period of t h e  i n p u t  p u l s e .  A l l  t h i s  reminds one of Heisenberg ’s

ii r ic e r t a i n t  V j)~ in c  i p i c’ —— and f o r  go~ed ne lson —— t h e  p r o d u~- t of  t h e  b a n d w i d t h  of

t u e  microphone and t i l e  un - r  t i  i n t v  of  t he  a r r i va l t ime ot  a pu l se  m u s t  be c

ri st int for i p artie -u l im s i p u i l — t o — ~ c i s c  l e v e l 
8
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IV. RECOrU~tENDAT IONS

Each of the foregoing sections are theore t ica l  in na tu re  and suggest

exper iments  that  would test  the theory . The fo l lowing recommendat ions stem

d i r e c t l y  f rom this  invest igat ion :

(1) A STUDY OF THE NATURE OF THE SOURCE SIGNAL . Although the t r i a n gu l a r

shaped waves due to explosions have been studied for sources that

rang e f rom very large nuclear blasts to conventional TNT explosives ,

there  may be questions still unanswered dealing with artillery.

How symmet r i ca l  is the  wave? Are t he r e  s econda ry  shocks , c r e a t i n g

“ N ” shaped waves? Wha t is the  exact  r e l a t i o n  between charge  and

bore to the period? These measurements requir c- microp hones with

wid e f r e q u e n c y  responses , and these  shou ld  he placed from about

500 m to several km f rom t h e  sources .  Also r equ i r ed  would be

meteorolog ical da ta  to c o n f i r m  whe the r  the propagation is diffracted

or r e f rac ted . Some of the  in fo rma t ion soug ht in t h is s tud y may al-

ready be ava ilable , but unknown tea the author. The rise t ime s

associated with tile received signals could answer the question of

what  is the effective specific acoustic impedance of certain types

of terrain .

(2) A STUDY OF REFRACTIVE CORRECTIONS TO SOUNI) SPEED . The present

method of w e i g h t i n g  t h e  v e r t i c a l  m e t e o r o l o g ical  da t a  appears ad hoc .

• - 

Sect ion  II  c o n t a i n s  t h eo r y  which i n d i c a t e s  a method elf w e i g h t i n g  which

c o u l d  be programmed and the r e s u l t i n g  l o c a t i o n s  he compared t e e  the

present method . B e s i d e s  t h i s  t e s t  on i l r e a e h v  e x i s t i n t  da ta , s t u d y

(1) should  v l t ’ l d  a c t ua l  t rave l t imes i f  t i r n i u p  is i n c lu d e d .  This

-- - - 5 - - - - ’ 5-— - 
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t iming data could also indicate whether t h e s u r f a c e  meteorological

or the  p resen t l y used 200—rn da ta  is the  more proper  data  to use in

ana lys i s .

(3) NOISE STUDIES . Arr ival  times could he improved b y e x t e n d i n g  the

response of the mie-rophone and b y i nc r ea s ing  the  dynamic range of

the  recorder .  This is onl y t rue  if the s ig n a l — t o — n o i s e  r a t i o  is

not significantly decreased. There is very l i t t l e  known about  ti le

noise present underneath  the  wind sc reen .  Here’ again , a w i d e — I r e—

quencv response microphone is needed , along with wind speed data .

As mentioned in the introduction , an investigation of  s e m i — a u t o m a t i c

determination of arrival times has been made. This was done with an HP 9~~~~ 2 5

c a l c u l at o r  w i t h  the  inpu t  d a t a  di gitized at a 5 msec sampling rate by hand. The

calculat or was able to detect the presence of s i gna l s  by t h e i r  magn i tude  to

wi t h i n  a b o u t  10 msec . Closer a n a ly s i s  de t e rmined  t h a t  i i t i l o i i : a i l  the breaks  w e r e

difficult to detect , the peaks , cross—ovens , and valleys were detected to within

about a msec .  In addition , crees s—e -orrelation of entire signals resulted in

a ’r i v a l  t ime d i f fe r e n c e s  of less than  one msec except for difficult signals.

A system c o m p a t i b l e  w i t h  such a calculator would acquire data with micro-

phones with a flatter frequency response , and thus more information content.

Since the a lgorithms used would not depend on hand calculations , the microphones

could be placed in n o n — l i n e a r  a r rays , enabl ing  d i s t i n c t i o n  between forward and

rear s k i r t -s . The acqu i red  da ta  would be stored di gital l v  on magnetic tape and

d i s p layed on CRT ’s. Ope r a t o r s  would have the flexibilit y of filtering and

am p l i f y i n g  the data for  d i s p l ay .  - 
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The most efficien t dive’ l o p n eni  of  such  a s v st  en ie’ould be by a t L a o  corn—

e l s e e l  of p e o p l e  w i t h  e~ g e c r t  lSc in th e  f o l l o w i n g  a r ea s :

( I )  F ie ld  s o u n d — r a n g i n g

(2 )  Mi cr o p h o n e s

(3) Computer hardware

(4) Computer s o f t w a r e

(5)  A t m o s p h e r i c  prop ilga t ion of sound

(6) In forma t ion t h e o r y .

Seine u n der s t a n d i n g  of what  the  seismic i n d u s t ry  has acee cin p i ishied , and /o r  f a n  i i i —

ir i t n  w i t h  the  Navy ’ s SON AR p r o g r a m  w o u l d  he hel p f u l  a]  sea .

Finally , i t  is q u i t e  p o s s i b le - t h u . t h e  b i g g e s t  u r e ~~ i e n  w i t h  sound ‘a n g i n g

a c c u r a cy  is the f a c t  t h a t  m e t e r i e e g i ’ i l  d a t a  is  n t a i n e d , by n e c e s s i t  v , e c i d t

s i d e  the  area of m t  c rest  and  p r e v i o u s  to  t he  t i m e  of i n t e r e s t .  H o w e v e r ,  t h i s

has vet  to l e e  p r o v e d,  - n i l  t he re ’  f o r e  i m p  r e v cmcn  t in t i n e — c f — a r r i v a l  d e t e r m i na t i o n

is not  n e c e s s a r i ly  an a c a d e m i c  c a e r e  i S c .

AcKNo ~ L b-;I)(;MI:NT . The author apprec i t t  es the hel  p f u l  e e T n m e n t s of  A .  Hi  a n c e a  and

S. L. Cohn . He is i n d e b t e d  to D. M. Swing le  for his c i r e f u l  r e a d i n g  ~f and

significant comments on this nc’pe ert.
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APPENDIX A

THE pRopAP~\ f 1 i ) N  OF \ Uih\K ’F R T A N C L i , A R  SHOCK

Suppose the waveform at some d i s t in c~’ r f r o m t h e  sou rce  is s i m i lar  t o

Fig. 2 and is g i v e n  by

[o * 
x < 0

P( x )  = P (1 — x / L  ) , 0 < x < L ( A l )
(1 0 0

L o . x < L .
0

As the  shock p r o p a ga t e s , the  p u l s e  l e n g t h  i nc reases  s i n c e  t h e  shock a t  x 0

t r a v e l s  f a s t e r  than the  po in t  a t  x = L .  The r a t e  of c ha n g e  e~ I L is g iven by

dL 
— 

dL J t  - I dL
dr 

— 

dt  d r  c d t  ‘ 
( ‘ _ )

w h e r e  c is t i m e ’ sound speed.  The ve loc  i t v  of  t i l e  s h o c k  is i v  cnn  by

2 
= c ( 1  + ‘~

‘
~ ~~~~

- ) .  (A 3)
_

_
Y P0

where  y is t h e r m t  i m e  ‘ f  s p e c i f i c  h e a t s , P i s  t h e  different iii shock  p r e s s u r e -

and p is the ambient pressure. For s’e m k  shocks P/p ~~ I and

-+1 P
v c ( l + ‘ . - — )  ( A )

‘ 4 !  P 0

thus

dL ‘i -f- i I’ -
= c (J + -— ;- -

~~

-

~
1 

— c , ( A )

s en e c  t h e  end of the’ pulse , having no ove rpressure , t ra ’’e- l s a t  t h e  speed c . Eq.

(A5 ) suh s t  i t ut e d  in t e) Eq. ( A 2 )  y i e lds

dL -4- ] P
— = -‘ -- — . (A n ~dr - r1

The t o t a l  e n e r gy  of t h e  shock wave may be o b t a i n ed  by m t  eg r a~ i n g  the ’

~~~~~~~~ 
- -
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en e r gy  d e n s i ty

u = — - 5 - ,
PC

wh ere ~ is t h e  d e n s i ty  of t h e  m e d i u m , over the  en t i r e  vo lume  of t h e  wave .

A s su m i n g  spherical propagation , this becomes

C ,

E = D~~J. 
f(l  

- ~ Ydx , (A8 )

= ~~~ —~~~--~~----~~ . (A9)

If e’ile r gv  we re conserved , one cou ld  solve Eq.  (A9 )  for P(r ,L), substitute

H into Eq. (A6) and integrate. There is, however , an increase in entropy across

the shock which depends on the third powe r of the pre ’ssure d i f f e r e n c e  across

the shock 1

= 
* 

(AlO)

w h e r e -  S is e n t r o p y ,  T is  a b s o l u t e  t e lm i l e n r a t u r e , and v is volume . For  an ideal

gas , 

(-±~ = , (All)
Y P

where the a d i a b a t i c  relation pV i roust has been useu. Substitution of Eq.

( A l l )  i n t o  (Al O)  r e s u l t s  in

= ~~ (
~~

)

3 

* 
(A12)

where the equation of state pV = nRT has been ca l l e d  upon . The number of moles

is n and R is t h e  gas constant.
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The r a t e  change of e n t r o py  w i t h  d i s t a n c e  is

dS 
— 

dS dt 
— 

1 dS
dr dt dr c d t

~~~~ 
~ (Al3)

where dn/dt is the  r a t e  of f l o w  ( in moles) across the shock. Again assuming

sp he r i ca l  p ropaga t ion ,

= 4-r
2 

~~~~

- , (A 14)

where cg is the max flux and M is the molecular mass. Thus

dS 
= 

A n r ’ ( s + 1) P 3 
(A1 5)

c r  l1’~’ p  T
0

where the ideal gas r e m i t  ion p = p M/RT has been mi sed.

The rate of en er g ~c loss i s  dE = —Td S , or

dE 
= - ~~-r  ~ i ) 1’~ , (A1 6)cm , -‘ 2

- C
0

Division h~’ Eq.  (A9) l e a d s  to

I = - 
( ‘ 1 + 1 ) c P (Al 7~E d r  , - -

-~
-
~ p L

(C

or

1 t iE 
= - 

+1 1 (A18)
E dr  ~ p L

wh o-re 
2 

= ~~ p / ~~ has  been used to simplif y. Thus

1 dE _ l d L
E dr L dr ‘ 

(Al9)

which , upon integration yields the remarkably simple result

- _i_ __ _____ -— - — — ‘5 -—- ~~~~~~~~~~~ - -
~~~~~ 
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EL = c o n s t a n t .  (A20)

Thus
‘ C  C

A i r h ’ l, — 2 2 2
0 e~ 0 

, (A21)

or

r L
p = p _22 ~~ , (A22)

0 r L

which , when s u b s t i t u t e d  m t  Eq.  (A6 ) bee -on e s

~~efL 

LdL = 
0 0  (A23)

,er

L = ( I  [L + ~~ —u- r ~- (n/r ( A 2 4 )
mc o 2 y  p o n  o

0

The ; i h l e e v e  d e r i v a t i o n  bat-i cons ide red  the  i n c r e a s e -  in e n t r o py  due to t h e

f i n i t e  a m p l i t u d e  of  the  shock , but has n e g l e c t e d  the  i n c r e a s e -  in e n t r o py  due t o

v i s co the rma l  and  molecular rd ax ;mt i on  e f f e c t s .  The a b s o r p t i o n  e ’ f sound in a i r

is f r e q u e n cy  dependent  and hi gh l y  s e n s i t i v e  to h u m i d i ty . Hi g h f requ en ci e s  are

a t t e n u a t e d  more r a p  I d ]  v t h a n  l, e,w , re s u l t  ing in a r o u n d i n g  o f f  o f  t h e  initial

pr essure p e a k .

REFERENCES

1. L. 0. Landau and E. M . Llfshitz. Fluid Mechanics (Pergaman Press, Oxford ,
England 1950), p. 323.
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APPENDIX B

MEAN SOUND SPEED FOR WAVES REFRACTED BY CONSTANT

GRADIENTS IN SOUND SPEED AND WIND VECTOR

If 8 is the elevation angle of a sound ray (normal to a wave front) and

e~ is the azimuth angle , then the law of refraction yields’

=

C p___P_ _ =  0

cosP  cosO (Bi )
0

wher e 8 and 
~ 

are the original source  values for the ray and c~ is the phase

velocity of sound . The first equation demands that the azimuth angle is constan

and the second is Snell’s law of refraction. In a moving medium , the phase

velocity is

= c + ~~~~~~ , (B2)

where c is the sound speed in a nonmoving medium , n is the unit vector in the

direction of the  r a y ,  and w is the wind velocity vector ( the  velocity of the

moving medium). This is in contrast to the group velocity

C
g 

Cfl + w (B3)

which is the velocity of energy propagation .

Since , for a par ticular ray , -~~ is fixed , the wind vec tor may be resolved

Into two components: u in the direction of and v normal to i~ . Thus Eq. (Bi)

becomes

C + U  cosO
c + u c o s8  o 0 0 

~B4cosO cosO
0

If the atmosphere is considered to have linear gradients for c and w ,

5- 5 - - -- -~~~~ ‘- —  - -- 5 — - - - ‘ ~~~~~~~~~~~ — - - -  - -~~~~~
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c = c ( 1  + a z ) ,

u = u  + c b z  (B5)
0 0

v = v  + c d z
0 0

where a , b , and d are constants with units of (length) 1. Thus Eq. (B4) has

the solution

1 + a nceas e = C o s e e  -
~~~~~~~~ - (B6)

o 1 — bz cost
0

If the  add i t iona l assumpt ion  bz cos c’- 1 is made , then Eq. (B ) becomes , to

the first order

e O S ’ = C m ~ s 1 [1 + (a + b cc ’ 5 e i  ) 7 ,J  . (B7 )

The above assumption requires that the total change in wind speed over the path

of the ray is much less than th e sound speed itself. Eq. (B7) may be solved for

COS — eQSP

z = , (B8 )

and th us

si n dd z — ’-- T’ . (B9)
(a + b e o s  ) c oi n

0 0

The velocity of the ray ’s tip is g iven by the  group  velocity

dx
= c cos~ + u,

= v , (BlO)

dz
= C sin:3

~~~~~~~-- - --- 
-.z~~~~~~~~~ - _ .:

‘
- i
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dx
— = C cos t- ’ + U ,
dt

= ‘-~~ (B1fl~

= c s t i )
d t

where x is in the ~— eh ir ect ion , y is norma l t o  the  ~— d i r e ct i o n , and z is up. It

is clear that the ra’.- reaches its maximum height Z when 8 = 0 , and t h a t  the  pa th

is symmetric’ with respect to this posit ion . Thus , since

= + —u-.-—- , (Bl 1)
- ‘ dz s i n k ’ C Si !) 1

then

X = 2 1 ~~~~~~ + ~~~
. 
-- d~~, ( B l 2 )

J s i n 1 c s i n -
0

where’ X is the x—e-oordinate of  t he  point of  a r r i v a l ee l  t he  ray back at the  sur-

face. (See F i g .  RI). Eq. (139) simp lifies this t o

m e I )

X = 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

cos~’dt + 
~~~ do . (Bl3)

The first Integr al in Eq. (RI 3) is simple ’ and the second is much smaller

(s in m e ti /c’e ”l ) , allowing f e ’r  the approxima t ion

ci + c bz U
= 

0 0 __ —s- + bz.~ (Bl4)
e c ( 1 + i z )  c

(‘1 0

Eq. (13143 comb i ned with (1313) yields

(~ 0
X = - - 

,- 
- - — [sin ° + ~~‘_~Y + h ( t a n ~ — 0 ) ) .  (B15)

(a  + b ~- ccs-- - c - c m e c a + h cos 0 0
o cc (C C)

~ 

_
~~~~. — ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ 

- ‘
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F i g u r e  131 . ( ;e m ’m e t rv of r e f r a c t e d  r a’ . -
~
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Assuming that 
~ ee

<< 1, th is  s impli f ies  to

X = + 
~~~~+ b )  

e 2 
+ ~2-] * 

(Bl6)

where terms beyond O~ have been neg lected in the trigonometric expansions.

Fol lowing the same a rguments ,

(B 17)

where Y is the net disp lacement of the r ay  in the y— d i r e c t i o n .

Thus the x and y components of the ray have been found . The mean speed

is this displacement divided by the travel time . The tne  of t ravel  is obta ined

from i~ntegrating

dz
dt = . , (Bl8)

c sinl)

or , with the use of Eq. ( f 3 h i ) ,

_ _ _ _ _ _ _ _ _ _  
dO

T = 
(a+ b cosO )cosO f c o  + a~~~ 

‘ 
(B19)

where T is the tm c tal trave l time. This may be approximated b y

T = ~~~~~~~~~~~~~~~~~~~~~~~~~~ f ( 1  
- az) do , (B20) 

-:

which bec omes , with the use of Eq. (B8)

20 r a ( t a n O  — 0 )
T = —  ° I i _  

0 0 B21
c (a + b cosO )cos0 L a + b cosO

0 0 0

or , for small 0

T = c ( a + b) [~ + 6 ( a + b )  
~~ 2] . ( 1322)
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The mean spe -d in the x—d ir ’ction is thus

- 0~~ u
‘ v > = ~~

- = c I + —p-— ÷ , ( B 2 3 )
x T 0 1  6 c i

and the me~in speed in the ~‘— d i r e c t i o n  is

21
• v 1

o C C  -
> = — = c — + - - - -  . ( 132 4)y T 0 c

0

These’ equations I r e  t he  mean speeds f o r  a r ay  l e a v i n g  the s u r f a c e  at an eleva-

tion 0 and arriving at ( X .Y )  a t  t i m e -  T. The r e s u l t s  depend on a l inear  gradi-

ent in c and w which  is not too steep and t h e y  are correct to the  second power

of 8
0

• One must  now r e p l a c e  0 with the p r o p e r  f u nc t  ion of t he  distance ~,etween

source and r e c e i v e r , s ince  0 is ne et  generally known . The total distance t r a —
0 -

vel led b y t he  r i ’  (measured  a l o n g  the surfae’e’) is

R = (X 2 
+ ~

2
)
’~ = 

a + b  ~~ 6 ( a + b )  
e
2 

+ _ei] , (B25)

correct to order and to first power in u / c . Thus

= ‘-~(a + b)R , (B26)

Correct to order R . Th is y ie lds

= c [ l  + 
o 

+ :~~ (a + b) 2R2 J , (B27)

and

= c 
[
~2- + ~~~~

- (a + b ) R 2j . (B28)

The maximum hei ght  o b t a i n e d  by the  r ;i\ is g iven b y

1 —

Z = 
(a + b (- (‘513 )cosO 

(B29)
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or , for small 0 ,

Z = 
2 ( a + b )  (B30)

Thus r e t a i n i n g  terms of order 0 2
/ (a+b) ,  which has been done , corresponds to

r e t a i n i n g  term s l inear  in z , cons i s t an t  with the cons t an t—grad ient  a tmospher ic

model .  F ina l ly , it may be no ted  tha t  Eq. (B30 ) may be written

1 -)

Z = 
~~

- (a + b)R , (B31)

g iving the maximum he igh t  in terms of the range and the g rad ient s .

The substitution of Eq. (B31 ) into (1327) ~‘ields

<v > = c [1 + —i + ~
- (a + b ) Z ] ,

x o c 3
0

= e (-~-) + u( -~- ) ,  (B 32)

or , the  mean speed in the x — d i r e c t i o n  is the  speed e v a l u a t e d  i t  Z / 3 , o n e — t h i r d

of the maximum hei gh t .  Likewise Eq. (02 8 ) become s

V
o I- v  > = c [— + — d Z J

y o c  3

= v(-~ ) (B33)

or , the cross—wind e v a l u a t e d  at 1/3 of the maximum h e i g h t .

REFERENCES

1. R. B. Lindsay . Mechani cal Radiation (McGraw—Hill , New Y o r k , 1960) p.  298.
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APPENDIX C. T—23 MICROPHONE FREQUEN CY -\Nl) PULSE RESPONSE

The T — 2 3  d o u b l e  r e s o n a t o r  hot wire microphone has t h e  a c o u s t i c a l  c o n f i gu-

ra t ion  shown in F igure  7. The ana logous  e l e c t r i c a l  c i r c u i t  is shown in Fi g u r e  8.

This c i r c u i t  is composed of elements defined to be:

>1 = In er t ance  e f  neck ,

R = e \ c e c l s t  i~-a 1 r e s i s t a n c e  of neck

C = Comp l iance of cavit y .

= V/ :  c = V / y p

where’ ‘ i is the  r a t io  of s p e ci f i c  heats and p is the  ambient  pressure .  The sub-

“ scripts r~ fer to the upper resonator (1) and the lower resonator (2). The

acoustic press nre incident on the microphone is P(t) and the volume velocity

fl m’~ ing  t h rou g h the necks  is 1 2( t ) .

For P ( t )  = P~,e 
- 

t h e loop equations are :

l
~ 

— U ~
P = i ~l U + R 1 — 1 — -

o 1 1 1 1
(Cl )

I~,~ ~~~ —

O = i - ~ l~ U 2 
+ R > U , — i —

~

-

~ 

— i
— ‘ ‘ 2

whe re  U
1 

and U ,, a re  the a m p l i t u d e s  of t h e  volume velocities through the necks.

Si f lCe  the  ) C m m t p i I t  i s  p r op o r t i on ~~1 to  U , , the  r e l a t i v e  response of the

m i m ’r oph one  is g iven b y

(C2)

where Z is the  e - f ~ eet  ly e  a c o u s t i ca l  impedan e -e .  The sea l  Ut ion to the  set of e q u a —

t ions  (Cl) V i e 1 ( 1 S

— 
-------5—------- -” - — - —-5—- - 55 ~~5 5 - - -  ‘ —

~~
---‘— 5 5- 5  - -  - —---

~~~ .~~~~~~i - -~ -. ‘ 5 - - ”-- - - - — -~~~~



‘ 5 - -  ---—-
~
-— -- —~~-—

-
~
,—-‘-—- --——

~~~~
‘--‘---——-— —- 

4$

Z = R ’ + i - ~ 1 ’ — i —
~~

-- (C3)

where

Cl ,

R ’ = R
1 

(1 + — e,t M 2 C
1

) + R , (1 — 5 M 1 
C 1 ) ,  (C4 )

and

= H
1 

(1 + - 
2
M~ C 1

) + ~l 2 + R 1R 7 C
1. (C5)

The out  put  v o l t a g e  is  t h u s ,

F = 20 l e g ( K /  Z~ ) db , (C6)

where K is a c o n s t a n t  of  p r o p o r t i o n a l i ty  and Z~ is the  abso lu t e  value  of the

1 ’ complex  impedan ~-e .  The phase a n g l e  of t h e  o u t p u t  w i t h  respect  to t i m e  i npu t  is ,

0 = tan 1(-X ’/ R ’) ,  (C7)

where’ ,

= ~i ’ — 
__i_ (C8)

T h e  a e o u s t i ci 1  impedance  of a smal l  tube

= 
_!

~-~~ (
~ 

+ ~~
- i l )) (C9)

where L and r are  the  length and rad ius  of the tube , l~ is the  v i s c o s i ty  of the

a i r , and is the density of the air. The criteria for smallness depends on the

th ickness  of the  viscous boundary  layer which , in t u r n , depends on the f requenc y

of the signal. In addition , t he  effee’t of the impedanc e miss—match between the

infinite medium and the tube is sometimes approximated by adding a correction to

the length of

‘i. = ~~~~~~~ . (d O)

L ~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ - -  ~~~~~~ --~~~~~~~~~~~~~~~~~~ 5- -- -~~~~ -~~~~~- -—~~~~- — - .
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The volumes  ~ f t i l e  c a v i t  ic ’s and t h e  c h a r a c t e r i s t i c s  of t he  necks  have been

me -isured. Us ing  C = V/yp and Eqs. (C9) and (Clo),

C
1 = 1.9 x 10 ~ c’m 5/civne

H = 0 .7  x l0~~~ c -m 5 /dvne

R
1 

= 3.4 a co n st  ical ech irns ,

R
2 

= 30 acoustical ohms ,

= 3.8 x 10 2 
gm/c- rn4

1 2 = 8 . 2  x 10 gm/c m 4

In t he  above- , t he c h a r a c t e r i s t ic - s  of the 25 Hz plug in the top neck has ieeei ~

assumed . Since the tubes in this case ‘mr c - sc n t e m . l m I t  t P i c k e r than  t i m e  h ’nn ~I m r v

la~’er , t ime  va lues  for  R and H should be r e d u c e d .

Figure  Cl shows the relative response of several 1—2 3 m i e r o p i i m i e ’ s .

This response was measured in a pistonphone and to i cc mi r i t e to 1~i t h i i n  a b o u t

~1 db .  The sol id  l ine  beyond about  17 lIz is calculated Ir e : t h e  ihove v a l u e s .

and is seen to be an accurate repre sent mt ion of t i m e  me a sur ~ J response- . For l es s

than about  17 Hz .  there ’  a re  two l i nes  shown . Th e’ c h i ~’i m e - d  l ine i s  t i m e ’ ca le -u l  a ted

response u s i n g  the  v a l u e s  d e t e r m i n e d  above . The sea l id l ine is an e -T- p h e r  i cal  l i t

to the  data  u s ing :

R 1 
= 2. 4 a cous t i ca l  ohms ,

R 2 20 acous t ica l  ohms ,

H 1 
= 3.6 x 10 2 

gm/Cm ~
’
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H 2 = 7 .8  x i0  gm/cm
4

,

a s s u m i n g  t h a t  R and H s h o m m l d  he d e c r e a s e d  due t o  t h e  f i n I t e  r a d i u s  of the tubes.

As may be seen from F i g u r e  Cl , t i m e  above emp i r i ca l  ~‘a1 ne s  c l o s e ly  f i t  the

observed response curve . However , in t i m e  c a s e -  of s o u n d i n g  rang in g ,  the  impor-

t ant  r e sponse  is c h a r a m tei  i ze d  by t i m e  r e sponse  t o  a t r i a n C m m l  a r — s i m m p e - ei ex p losive

pul se , rather than a sine wave . 1 h m e  r e s p e ’mlse  to a pulse is oht m ined from a

Lap lace transform of the circuit. This is oP t  m i n e d  f r o m  t i m e  f re ’quencv  r e s p o n s e-

by substituting s for 1.

= s3 (N
1~

l 2 C
1

) ~ 5 H R 2 C
1 

+ ~I R
1

C 1
) + s(M

1 
+ ~l C~~/C 2 + R

1
R2C1

+~1 J )

+ R
1 

+ R 1 ( :
~ 

/ L , s H * 
( C I I )

wher o  L~[ in d i c a t e - s  t i l e - L a p l .m - t m ’ , c i o t  - r :- : .  S cen e  a l ’ z e h r , i i c  m a n i p u l a t i o n s  y ie ld

~~~~: [E t ) ]  = ~ 1P ( t ) l .  
~~

-

~~~~~~~~~

-

~~

- -— 
* 

( C 1 2 )

2 1 2
whe re = ‘ “ - ‘: , ,- ‘ : • m u dI 

~~ H 2 ~~~~~

I ‘‘ ‘
~ C

= + 
~ ~~~~ 

+ + ‘
~2 ‘ 12 +

+ 
~~ i i ~ 

+ , S~~~~~ ~ ~~~~ ~~ c~~~~~~~ - , (Cl3)

and

= 1 / H2 C 1~ 
c = R

1 
t N~ and ‘ 2 

=

If one d e f i n e s x = ~~~~~ 
I ~

‘ ‘ 
t h e n  Eq.  (Cl 3) become ’s

g ( x )  = -C 1 , [x + .m ,3x
3 

+ a
2

X 2 
+ el

1
X + a l .  (P1-4 )
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wher e
- +

~~~~1 2
~i

3 
— 

12

- m = 
‘ I~~~~~~ 2~~~~~~ 12 ~~~~~l 2

12

a l 
= (C 15)

~) ‘ C

a = _ _ _ _

o 2
12

~c wish to fat-ton the quartie ’ Eq. ( C I A )  b~’ Ferrari ’s method. Th e ’ fir st step is

L ee ob t a in  the r e s o l v e n t  c t i h e i c

v 3 
- ,i 2 y 2 

+ (a
1

a
3 

- 4a )v — (a
1
2 

+ a a
3 

- 4 a m 2 ). (Cl6)

For t h e  case a t  hand ,

a
3 

4 . 0 9 ,

‘i 7 8 .54 ,

a 1 = 10.12 .

- I  ~~~~~~~~~~c-C

wi; i h . 1ev nume r P al  - u ’  t hods  y i e lds a real solution v = 4.857. This solution

r - s m i l t s  in resolv iri~ t h e -plo tic Into 150 quadratic e q u a t i o n s
4

= (x + c 1 ~~~~ + c 2~~~~~~ ) (x
2 

+ ~~~ + c 2~ 
)

) ,  (C1 7)

~~~~~ 
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S ’i l e rc’
5)

( + 3  5i ~~ 1
3

e’ 
i 

= ± (— ‘- + — a 2 ) -
,

v
= ± (--- — a )

-~ C)

c c c

c 1 
= ‘ . 7 5 , 1 . 3 - 4 ,

= 2 .30 , 2 . Su .

More  a 1 g~-bra ic man i pu l  a t  ions re sei l t in

C . 

e’ ( s)  = 
* (C 18)

fo r  Eq .  ( C I I )  wi m e r e  c ( S)  = ~[ E ( t ) } ,  p ( s )  = [P(tfl, and

= (x + a
1

)2  + h 1 ,

‘C - )
= (s + i

2
)
~~ 

+ l~~,

i n ch where’

a
1 

= 1 1 2 . 9 ,

= 3 5 . 0 ,

b
1 

= 3 2 . 5 .

= 1 2 0 . m .

A s s u m i n g  a t r i a ngu l a r  p u l s e -  f o r  P ( t ) ,

r°
P ( t ,  = I — t / T  , () ~ t

L° , t T 
*

~
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t h e n

= p (s) = 
f ( l  

— t / ’ )e  
St

dt  ( C 20)

‘t - , upon h i t  e : ’ r : m t  ion

p (s)  = (1 - + s ~~~~~~~~~~~~ (P 2 1)

Suhs t  i t m i t  ion i n t o  E q .  (Cl 5) yie] ds

c ( s)  = c
i 

(s) + e ,(s) + e
3

( S )~ ( C I I )

whe re ’

fl• . e~ (s)  =

e
~~ 

(s )  = - ‘
1~~~~~I

”
~~~ 

*

— 5 ’
e
3
(s) =

C o n si d e r i n g  e 1
(s)  f i r s t , t h i s  may he’ writ ten

A
1 

+- B
1
s A , f B ,s

e’ (s)  = -
~~~~~~

- - - - -- + - -  - - - (P 1 1 )
1 , (s )  , js  I

A table of Lap lace ’ t r a n s f o r m s  t h e n  y i e l d s

—a
1

1

F
1 

( t )  = ~~~~~ N’r1~~~ 
b
1
t — p il

c~~5 1)
1

1 1
h
1 

e’ 
I

— i _ c t

+ ~~~~‘‘z [p sin b~~t — p , , cos b t J , (C24)
2 r . 2

-5- v -— - 
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~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ i

_

--- ~~~~~~~~~~~



F - - :5=~~~~~ ,_-~~
-
~,, e--r ; —---~~. r’—n._ 7’’~~~,—-~~~.’rn - --—— ,. ,, - , .__ — —

55

wh e re’

= (a , — a
1 

)~~ + b 2 — b
1
8
,

p j 1  lb 1 
(a 1 —

~ ( :m ~ — ) 2 
+ h

2 
÷ l~~ - .4b

1 h ,~~

= (a
1 

— i )  + 1) 2 + h
1
’ —

1’ iI  Ii , ( i
i 

— a 2 ),

C l =

T h i s  p o r t i o n  of  t i m e  r e 0 3 ’ c ’m l s e  o f  the ::l i - r op hione is t lm : i t  c lue t e e a u n i t  St e p  function ,

and is o i m ~’cci m , norma l t Z e ’el to on it ~, in F i g .  C I .

cc c m m ~ i~ i~ -r  t u g  e

= - 

~~~ ~
‘ i 

(s~~ (P15)

c,,hi ~~~ 
C, ‘ ‘ i ’ i* - -

E2 (t) = — ~ 
f 

F
1 

( v ) e lv , ( I ’lL )

m k  i n n  tbm t’ r , i n s f e ’r r i : . I n t t - u ’ m ’ m t  i o n  v i t ’ l d u - ;

E,, ( t )  — 
~ ~~e ’ 

I (Bb
1 

- A i
1 

) s i n h
1

t

L1i ‘4-h
1

Ah 4- Ba

— (Ba
1 

+ )eo5  t I + - - -

+ h 1~

(Eq . eon t • on fl ( ’Xt page )
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C
) Ic

- 
_____

~~ 

[ ( B b ,, — Ca > ) s in  b ) t
+ b 7

’ —

Cb , +
— (Ba y + Cb

1
)cos h ~t 1 ~ - ------~~——--——--~ - ~ • (c27)

~
12 + b 2 J

where , f c c  r t i i  s c~i se

A = Ic . l 1

B = 2 .  ) l

C =

Th hs fun& ’t ion , the re sponse - to t ho I r i a n c m m l  m c  p o r t  ion  e e l the pulse , is shown in

Fi g. (‘3 , with tim e’ same  u i c ’ r : ’ u m l i : ’ m t  i o n  ms  F
1 

( t ) .

Finally , me l i s t  t e ri ’u m i ~ - he rose I ved by t h e  u se - c c l

F ’(t  - ‘ )  = L 
1

e 
S

f ( s) , (C2 $)

v i e’ I d in g

I) 
, t —

E
3

( t )  = . (d Y )

— F ~7 ( t  — T) . t “ T

The r equ i r ed  f u n c t i o n  E
1 

(t  ) and E 2 ( t )  :i re  t a b u l a t e d  in Table  Cl

— - 
*
— — 

- , y ? ~~~~~’ ,



__ - - - --5— - — - ~-;vr ~~a-cr _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _-- 
_ - _ ~~ -—_- ‘ -~~~ -- --5 -- 

— - - -
~~~

57

E , Ct)

o 0
( -5-1-’-5 — - 

1

6- -

~~~~~~~ r%)

1

~

_

-II .
0

0 -  -

0
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.024

.020

.O~6

.012 .

‘I)
f~J

UI

1 .004
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P1 gm l r - C3 . The response f u n c -  t Ion F , ( t
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Table Cl . Response functions fo r  the  1— 2 3 mic rophone . F u n c t i o n s  ~ir~- normalized

Sc’ tha t E (T) = 1 .000. Time’ re- s Ic eense to :1 t r i a ngu l a r  i~~i 1 Se’ ol ’
1 u n i x

e lur at  ion P is E ( t )  = F
1 

( t  ) + E , IA ) + F 
3

( t ) ,  w h e r e -  E
3 

( t  ) = 0 f o r

t P , and F
3 

(t  ) = — F 1 (t  — ) for  t > 2’ •

I t )  “1 ( t )

tim ( m s e - C c )  ( v o l t s )  (volt sec)

(1 .000 .0000

5 .L7h — .0001

1)  . 3 76 — .0012

15 . 74 — . 1) 1 ) 4 1 )

20 C) 7 — .

13 07 — .0133

3( 1 . 7 7  — .0177

. 47 — . 0208

.18 — . 0 2 2 4

3 — .1)2 — .1)228

50 — .12 — .0224

:55 — .1 - 4 — .0217

60 — .10  — .02 11

65 — .05 — .0207

70 .00 — .0200

73 .03 — .0207

80 .03 — .0208

85 .03 -.0210

0 ))  .01 — .02 11 -
‘
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